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Convergence from Boltzmann to Landau Processes
with Soft Potential and Particle Approximations
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Our aim in this paper is to show how a probabilistic interpretation of the
Boltzmann and Landau equations gives a microscopic understanding of these
equations. We firstly associate stochastic jump processes with the Boltzmann
equations we consider. Then we renormalize these equations following asymp-
totics which make prevail the grazing collisions, and prove the convergence of
the associated Boltzmann jump processes to a diffusion process related to the
Landau equation. The convergence is pathwise and also implies a convergence
at the level of the partial differential equations. The best feature of this
approach is the microscopic understanding of the transition between the
Boltzmann and the Landau equations, by an accumulation of very small jumps.
We deduce from this interpretation an approximation result for a solution of the
Landau equation via colliding stochastic particle systems. This result leads to a
Monte-Carlo algorithm for the simulation of solutions by a conservative particle
method which enables to observe the transition from Boltzmann to Landau
equations. Numerical results are given.

KEY WORDS: Soft potential Boltzmann equations without cutoff; Landau
equation with soft potential; nonlinear stochastic differential equations; inter-
acting particle systems; Monte-Carlo algorithm.

1. INTRODUCTION

Our aim in this paper is to show how a probabilistic interpretation of the
Boltzmann and Landau equations gives a microscopic understanding of
these equations.
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In the first part of the paper, we consider spatially homogeneous soft
potential Boltzmann equations without angular cutoff for a large class of
initial data, and relate them to jump processes solutions of Poisson-driven
stochastic differential equations. These results extend results due to Tanaka
in the Maxwellian case and for L!-hypotheses on the cross-section® and
generalized by Horowitz and Karandikar®® in the L2-case and by Fournier
and Méléard ") for non Maxwell molecules in dimension 2.

This probabilistic representation has been proved usefull either to
obtain existence of measure solutions of the Boltzmann equation for a large
class of measure initial data or to prove, at least in dimension two, the exis-
tence of positive smooth solutions to the Boltzmann equation, improving
thus the analytical results (Graham and Méléard,"> Fournier®). It also
allows to get numerical Monte-Carlo methods for Boltzmann equations
without cutoff (Desvillettes et al.,” Fournier and Méléard'?).

In this paper we show more specifically that the microscopic stochastic
representation of the Boltzmann equations leads to a natural and intuitive
understanding of the transition to Landau equations, when grazing colli-
sions prevail.

The Fokker-Planck-Landau equation, or Landau equation, is derived
from the Boltzmann (see ref. 20) and is usually considered as an approxi-
mation of homogeneous Boltzmann equations in the limit of grazing colli-
sions. Many authors have been interested in proving rigorously this con-
vergence, in different cases of scaterring cross-sections and initial data.
Firstly Arsen’ev and Buryak® proved the convergence of solutions of the
Bolzmann equation towards solutions of the Landau equation under very
restrictive assumptions. Then, Desvillettes®® gave a mathematical frame-
work for more physical situations, but excluding the main case of Coulomb
potential studied by Degond and Lucquin,® for which the Boltzmann
equation is not realistic (see ref. 27) and the Landau equation appears
naturally. More recently, Goudon® and Villani®” proved the convergence
of Boltzmann equations towards the Landau equation. They use analytical
techniques as convergence theorems or spectral analysis, showing a
L'-convergence for a bounded entropy and energy initial condition.
However, these results could be relaxed without the entropy assumption in
a weak-* convergence.

In the grazing collision asymptotics, the cross-section in the Boltzmann
operator is renormalized by a small parameter depending on the nature
of the collisions. In this paper, we consider asymptotics including those
of Degond and Lucquin-Desreux® and Desvillettes.® We show how the
accumulation of grazing collisions can be interpreted at the level of
the jump processes as an accumulation of small jumps. Then we prove the
convergence in law, in the Skorohod space, of sequences of renormalized
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Boltzmann processes to a diffusion process, called Landau process, which
describes the microscopic random behaviour of the Fokker—Planck-Landau
equation (see ref. 16). We immediately deduce a convergence result at the
level of the partial differential equations for general initial data. Unhappily,
the probabilistic tools oblige us to use a L>-framework, which necessitates
the consideration of potentials y € (—1,0]. In particular, our theorical
approach does not recover the interesting Coulombian case, even if the
Monte-Carlo algorithm also makes sense in this case.

As in the analytical framework, uniqueness is an open problem for all
the equations we consider. All the convergence results we prove are obtained
by a compactness method which only gives converging subsequences.

The pathwise interpretation of the equations (in the probabilistic
framework) provides a natural approximation by interacting colliding par-
ticle systems of the Fokker-Planck—Landau equations. The collision rate
and the amplitude of jumps of the particles are related to the size of the
system. We prove the convergence of its empirical measures to a weak
solution of the Landau equation, when the size of the system growths. We
deduce from this theorical result a simple simulation algorithm, based upon
particles conserving momentum and kinetic energy.

We finally discuss about numerical results. The main interest of our
approach is to observe in the simulations the transition from the renor-
malized Boltzmann equations to the Landau equation (see Section 6,
Fig. 1).

The paper is organized as follows: in Section 2, we explain the
pathwise interpretation of the Boltzmann equation with soft potential, and
solve the nonlinear Poisson-driven stochastic differential equation. In Sec-
tion 3, we study the convergence in law of the renormalized Boltzmann
processes to a Landau process and deduce the convergence of solutions of
the Boltzmann equations to the ones of the Landau equation when the
grazing collisions prevail. In Section 4, we study the approximating particle
systems. We describe the pathwise Monte-Carlo algorithm in Section 5.
Numerical results are discussed in Section 6.

Notations

— D, will denote the Skorohod space D([0, T'], R®) of cadlag func-
tions from [0, 7] into R® The space D, endowed with the Skorohod
topology is a Polish space.

— &, is the space C([0, T], R?) of continuous functions from [0, T']
into R*® and C3(R?) is the space of real bounded functions of class ¥ with
bounded derivatives.
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— 2(R? is the set of probability measures on R® and %(R®) the
subset of probability measures with a finite second order moment.
Similarly, #(D;) denotes the space of probability measures on D, and
%,(D;) is the subset of probability measures with a finite second order
moment: g € (D7) if [0, SUP,. (o, (O g(dx) < .

— Let 4 and B be two matrices with same dimensions. The symbol
A:Bdenotes thereal 3, ; 4,;B;; and A" is the transpose matrix of the matrix 4.

ijij
— K will denote a real positive constant of which the value may
change from line to line.

2. THE BOLTZMANN PROCESS

2.1. The Equation

The Boltzmann equation we consider describes the evolution of the
density f(z,v) of particles with velocity ve R® at time ¢ in a rarefied
homogeneous gas:

of

where Qj is a quadratic collision kernel preserving momentum and kinetic
energy,

0u(f Nty =] [T [T () 0= 110 f20)

x B(jv—v4|, ) d6 do dv, 2.2)

v+ |U U*|

with o' o and v, ="* o, the unit vector ¢ having cola-
titude 6 and longltude @ in the spherlcal coordinates in which v—uv, is the
polar axis. The nonnegative function B is called the cross-section.

We are interested in cases for which the molecules in the gas interact
according to an inverse power law in 1/r° with s > 2. The physical cross-
sections B(z,0) tend to infinity when 6 goes to zero, but satisfy
{5 161> B(z, 0) d§ < oo for each z. Physically, this explosion near 0 comes
from the accumulation of grazing collisions.

In this general (spatially homogeneous) setting, the Boltzmann equa-
tion is difficult to study. A large literature deals with the non physical
equation with angular cutoff, namely under the assumption jg B(z, 0) do
< 00. More recently, the case of Maxwell molecules, for which the cross-
section B(z, 8) = f(0) only depends on 6, has been studied without the cut-
off assumption. In the Maxwell context, Tanaka® was considering the case

v+v* [v— U*|
- +t—
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where [ 0B(6) df <o, and Horowitz and Karandikar,"® Desvillettes,®
Fournier,”” Fournier and Méléard,"® have worked under the physical
assumption [; 6f(6) d6 <+oo. In the non Maxwell case, by analytical
methods, Goudon™ and Villani®®” obtain existence results. With a proba-
bilistic approach, Fournier and Méléard !V obtain such results in dimension
2 and for cross-sections bounded as velocity functions. We generalize here
this approach in dimension 3 and for unbounded (as velocity field) soft
potential cross-sections of the form

B(z, 0) =y(z) B(O), (2.3)
with
Y(z) = h(lz|) |z’

y€(—1,0] and 2 a bounded nonnegative locally Lipschitz continuous
function and g from (0, 7] - R+ such that j;; 0*B(0) db < 0.

Remark 2.1. The probabilistic tools oblige us to work in a
L*framework and we are able to deal with moderately soft potentials,
y € (—1,0], thanks to the usefull estimate: for each y e (—1, 0], for each
ze R,

|z < |22+ 1; |z < |z)*+ 1. 2.4
We define the jump amplitude

cos0—1 sin 6

a(v, v, 0, p) =0 —v= 3 (U—U*)-i-TF(U—U*,(p). (2.5

where for x € R?, ¢ € [0, 27),
I'(x, p) =cos plI(x)+sin pJ(x) (2.6)

and ﬁ (x, I(x), J(x)) is an orthonormal basis of R®. One can choose, for
example,

|x] : 2 2
—(—x,,x,0) if x7+x;>0
0={J/x+x T @ =l
(x;,0,0) if x}+x7=0

The main difficulty is that a is not a Lipschitz continuous function on
the variables v and wv,. It just satisfies an ‘“‘almost”-Lipschitz property
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(Lipschitz up to a rotation), as proved in ref. 25 or in its “fine” version in
ref. 12. However, this property will be sufficient to obtain existence results.

Lemma 2.2. There exists a measurable function @,: R*x R*— [0, 2z[,
such that for all v, v,, w, w, in R®, 8 € [0, #], @ € [0, 27],

|a(va Vs, 07 (0)—a(w, Wx, 07 ¢+¢0(U_U*a W—W*))l < 30(|U—W| + |D* _W*l)

la(v, ve, 0, @) <2 [sin(6/2)] [v— vy
Equation (2.1) has to be understood in a weak sense, i.e., f is a solu-
tion of the equation if for any test function ¢, 2 <{ f, ¢>=<Qs(f, f), ¢>
where (-, -» denotes the duality bracket between L' and L® functions.

By a standard integration by parts, we define a solution f as satisfying for
each ¢ € C3(R?)

% L@i‘ f(t’ u) (]5(1)) dv= ju‘@xnﬁ Jozn .[on (¢(U,) _¢(0)) B(U_U*’ 0) do dﬁ”

X f(t,v) dv f(t, vy) dv,.

Since [§ 68(0) df may be infinite, the RHS term may explode. Thus we
have to compensate it, and taking into account the conservation of the
mass, we obtain finally the following definition of probability measure
solutions of (2.1).

Definition 2.3. We say that a probability measure family (P,),., is
a measure-solution of the Boltzmann equation (2.1) if for each ¢ € C;(R?)

G P> =B Py [ <KY, (0,0, o) Pdo)yds,  2)
where K4 , is defined in the compensated form
K30, ) = ~b(0—0.) (0= 00) - V(0)
77 @+ ao, 00, 0, 9) = 9(0) — (v, 0., 0, 9) V()
xY(v—v.) f(6) 9 dp @3)

and where

b=n jo" (1—cos 6) B(6) db. 2.9)
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2.2. The Probabilistic Approach

We consider (2.7) as the evolution equation for the marginals of a
Markov process which law is defined by a martingale problem.

Definition 2.4. Let  be a cross section such that jg 0%B(0) db
<+o00 and Q, in %(R?).

We say that Qe 2(D(R,, R?) solves the nonlinear martingale
problem (BM P) starting at Q, if under Q, the canonical process V' satisfies
for any ¢ € C3(R?)

B0 =00~ [ K3, 0) Q.(dvs) ds (2.10)

is a square-integrable martingale and the law of V; is Q,. Here, the non-
linearity appears through Q, which denotes the marginal of Q at time s.

Remark 2.5. Taking expectations in (2.10), we remark that if Q is a
solution of (BMP), then its time-marginal family (Q,),., is a measure-
solution of the Boltzmann equation, in the sense of Definition 2.3.

Our first aim is to prove the existence of a solution to the martingale
problem (2.10) and then to obtain the existence of a measure-solution to
the Boltzmann equation.

Theorem 2.6. Assume that Q, is a probability measure on R*® with
a fourth order moment, and that B(z, 8) =y/(z) f(0) is a cross-section
satisfying Hypothesis (2.3). Then

(1) The nonlinear martingale problem (BMP) with initial data Q,
has a solution Q € %, (D).

(2) Moreover, Ey(sup,cr |X,|*) <+o0, where X is the canonical
process on D.

Remark 2.7. There is no assumption on Q,, except the existence of
a fourth order moment. This allows us in particular to consider degenerate
initial data, as Dirac measures. The point (1) in Theorem 2.6 exhibits in
particular a measure-solution to the Boltzmann equation (2.1) for each
initial data Q, € Z,(R?).

Our method gives no hope to obtain a uniqueness result.

We will prove this theorem using stochastic calculus tools. We
generalize here the results of Tanaka and Horowitz—Karandikar"® to soft
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potential cases, introducing a specific nonlinear stochastic differential
equation giving a pathwise version of the probabilistic interpretation.

We are looking for a stochastic process belonging to D(R,, R’) and
with a law Q solution of (2.10). It can be given as solution of the nonlinear
stochastic differential equation

Vi=Vo=b[ [ WV,=2)0,—2) Q.(dz) ds

+Jot JIRS JRJ, jon j:n aV;-,z6,9) l{x@l/(Vk _Z)}N*(dx, db, do, dz, ds)

where N* the compensated martingale of an inhomogeneous Poisson-point
measure on R, x[0, 7] x [0, 2z] x R*x R, with intensity dx B(0) df do x
Q,(dz) dt. The nonlinearity appears through Q,, which is the law of V, for
each s.

We consider a compensated form of the Poisson-point measure
following Definition 2.3. Using It6’s formula, we easily remark that the law
Q of a solution V' of this stochastic differential equation is a solution of
(2.10) and (Q,),s, is a solution of the Boltzmann equation. That gives a
pathwise mean-field interacting representation of the Boltzmann process:
the process jumps following a Poisson-point measure which picks inde-
pendent colliding particules having the same law as the process itself. The
jump takes place if x <Y(V,_ —z) and the amplitude of the jump is equal
to a.

Technically, to obtain a more intrinsic representation, we use the
Skorohod representation and describe the behaviour of the colliding parti-
cules on an auxiliary probability space. So we now consider two probability
spaces: the first one is the abstract space (Q, #, {Z},.(0.r;, P) and the
second one is ([0, 1], ([0, 1]), do). In order to avoid any confusion, the
processes on ([0, 1], Z([0, 1]), da) will be called a-processes, the expecta-
tion under doa will be denoted by E,, and the laws .%,.

Definition 2.8. We say that (¥, W, N, V}) is a solution of (SDE) if
i) (V,) is an adapted cadlag D -valued process such that
E(sup, .o, 11 V,|*) <+ o0,
(i) (W,)is a a-process such that E,(sup, .o, 11 [W;|?) <+ o0,

(ili) N(w,dt,da,dx,db,dp) is a {Z}-Poisson point measure on
[0, T]x[0,1]x R, x[0,#] x[0,27] with intensity m(dt, da, dx, df, dp)
=dt dodx f(0) df dp and N is its compensated martingale,
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(iv) V¥, is a square integrable variable independent of N,
W ZV)=2LW),
(vi)

Vo=Vo=b [ [ =W @), ~W,(w)) dads

+j0t fgl j"h jo" LG alV,_,W,_(a), 0, @) l{xsw(Vs, —W,_ (@)}
x N(ds, da, dx, df, dp)

Remark 2.9. Of course, as before, the law of V' is then a solution of
(BM P) with initial law Q, = Z(V}).

Let us now prove in many steps Theorem 2.6. We obtain the existence
of weak solutions of the martingale problem (BMP) under Hypothesis
(2.3), as limits in law of solutions of regularized equations.

The first step generalizes the result of Fournier and MgéléardV
obtained in dimension 2. The specific difficulty in dimension 3 is the lack of
Lipschitz continuity of a described in Lemma 2.2. We will prove

Proposition 2.10. Assume that B(z, 8) =(z) f(8) with J a non-
negative bounded and locally Lipschitz continuous function, and f
integrating 6 (hence, no compensation is needed). Assume that V; is a
fourth-order moment random variable. Then the nonlinear stochastic
differential equation (SDE') which can be rewritten in this case

t prl n 2w
o=tk [ J o) T a0 W 0,6,0)
X1 <o, —w, @y N(ds, do, dx, dB, dp) (2.11)
has a weak solution, and moreover, for every 7 > 0,

E(sup |V,|*) <+ 0. (2.12)

t<T

Proof. The proof mixes arguments from ref. 12 (adapted from
Tanaka) to control the lack of Lipschitz regularity of a and from ref. 11
Theorem 3.4. in the non Maxwell case.

Let us assume that the function  is bounded by M. Let us define

a(v,w, 0, p,x)=a(v,w, 0, p) L cio-wy
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and its cutoff versions
dn(va w, 05 @, X) = d(l)/\nV (_n)a wWARvV (_n)s 0’ @, X).

We remark that

[ 18,(0, w, 6, 9, )| dx < MO o] (2.13)

[18,(0, .8, 0, )=, (', W', 6, @+ @o(v—w, v' = w'), )| dx

<K, (Jo=v'|+|w—w'|) (2.149)

Thanks to these properties, we are able to construct, by a sophisticated
Picard iteration mixing results of refs. 11 and 12, a solution of

yn = V0+Lt jol fR f: j:" a, V", w"_(a), 0, o, x) N(ds, da, dx, d0, dp)
" (2.15)

satisfying moreover that

sup E(sup |V7|*) <+ 0. (2.16)

s<t

This Picard iteration takes into account the specific property (2.14). The
trick is to observe that the image measure of a Poisson point measure with
intensity ds dx da f(0) df de by the rotation ¢ — @+ ¢, is still a Poisson
point measure with the same intensity measure. That is technical and we
refer to refs. 12 or 25 for more details.

Property (2.16) implies that the laws Q" of V" are uniformly tight on
the path space.

Let us now prove that each limiting point Q of this sequence is solu-
tion of the nonlinear martingale problem associated with (2.11), i.e., that
for (X,) the canonical process on D, and for ¢ € C;(R?), t >0,

1} =900 = [ [ [7[7 @ X, +a(X,s 0,0, 9, )

—¢(X.)) Q.(dw) p(0) db dg dx du



From Boltzmann to Landau Processes 941

is a Q-martingale, knowing that the similar quantity H™*, with 4, instead
of @ and Q" instead of Q, is a Q"-martingale. The only new difficulty in
dimension 3 consists in proving that the function, for s <z,

KV =[ 777 0, +(X,. X, 0, 0,5) = $(X.)) B(6) dB dp dix du

is continuous on Dy x D, although a is not Lipschitz continuous. Using
the translation invariance of the Lebesgue measure dg and the periodicity
of d in the variable ¢, we write

|K(X,Y)—K(X',Y")|
< Mf _[: LG (1¢(X,)— (X)) +|p(X,+d(X,, Y,, 0, ¢))
— (X, +A(X L, Y 0, 9+ 9o(X, ~ Y., X', =Y )))]) B(O) dO dop du

and thanks to Lemma 2.2, we see that the RHS term tends to 0 when the
uniform distance between (X, Y) and (X', Y') tends to 0.

A standard proof allows us to conclude that Q is solution of the non-
linear martingale problem (BM P) associated with (2.11). Moreover, using
a representation theorem, we can exhibit an enlarged probability space,
on which the canonical process is solution of (2.11) (a similar argument is
more detailed in the end of the proof of Theorem 2.6). The property (2.12)
follows easily from (2.16). |

Let us now prove Theorem 2.6.

Proof. 1In order to apply Proposition 2.10, we consider some cutoff
of the cross-section in both variables.

We introduce the following approximating model:

Let /, k e N* and define

Bi(O)=pBO) 1gs15 () =h(z)(zl" k),  VzeR’.

Each function ¥, is locally Lipschitz continuous and is bounded by kH,
where H is a bound of the function 4. Thanks to Proposition 2.10 and for
each (k, /), there exists a weak solution to the nonlinear stochastic differ-
ential equation (SDE,)):

e SN RGO

X l{xs.pk(Vj‘;le‘;l(a))}Nk,z(dS, do, dx, df, do) (2.17)
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where N, ; is a point Poisson measure with intensity ds da dx ,(0) d0 do
on [0, T]x[0,1]x[0,kH]x[0,n]x[0,2x]. So the associated nonlinear
martingale problem (BM P, ;) has a solution P*’. The aim is now to prove
that the sequence (P*') of probability measures on the path space D is
uniformly tight and that each limit point is solution of the initial nonlinear
martingale problem (BM P).

Since the limit case has sense only in a compensated form, we write
each equation (2.17) in its compensated form:

t pl
Vi =V [ [ 0 —WE )V E W (@) dads
0J0

+J~tJ~IJ> J-n '[275 a(Vk’l Wk,l(a) 2] (p)l o o
0Jo Jr, Jo Jo s=2 7T s= A {x <V —w @)}

o=

x N, ,(ds, do, dx, df, dp)

where
b = nf" (1—cos 6) B,(6) do.
0

Lemma 2.11

sup E(sup V5% <+ 0. (2.18)

k,1 t<T

Proof of Lemma 2.11. Thanks to (2.4), we obtain easily that

t pl
E(sup |V§”|4)<K<E(|%|4)+ jo jo E(sup V5 W5 (0)]*+1) da ds)

s<t u<ss

<K<1+[' E(sup V5% ds> (2.19)
0

u<ss

and the constant number K does not depend on k and /. By Proposition 2.10,
E(sup,<r [V*'|*) is finite for each k,/ and the proof is obtained by
Gronwall’s lemma. |

It is thus classical to show that the Aldous criterion is satisfied.
Hence the sequence (P*') is tight.
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Let us now identify each limit point of (P*). Let Q be a limit value of
this sequence. We consider the compensated martingale problems. Let (X,),
be the canonical process on D, and for ¢ € C3(R?), t > 0, we set

HY = §(X)=$(X0)+b [ [ VHX)- (X, =) Y(X, W) Q(dw) du

_J: L:t '[:n fﬂ;@ (¢(X, +a(X,, w, 0, ¢, X)) —$(X,)
—a(X,, w, 0, ¢, x)(X, —w) - V$(X,)) y(X, —w) Q,(dw) B(6) d6 dp du

and H*"? denotes a similar quantity with , instead of ¥, f, instead of S,
b, instead of b, and P*' instead of Q,. The probability measure Q will be a
solution of the nonlinear martingale problem (BM P) with initial law Q, if
it satisfies for each 0 <5, < --- <5, <s <t <T, each G € C,((R*)"),

<(H?_H?) G(Xsl,..., Xsp)’ Q> =0. (220)
Since P*'is a solution of (BM P, ;), we already know that
((HE — HE) G(X, s X, ), PR =0,

Since the sequence (P*') satisfies the Aldous criterion, the law Q is
the law of a quasi-cag process (cf. ref. 19, p. 321). Then the mapping
F: x> (¢(x,) — d(x,)) G(x,, 5., xsp) is Q-a.e. continuous and bounded from
D, to R. Thus {(F, P*"> tends to {F, Q) as k, ] tend to infinity.

Now, let us successively prove that

= <<f 77 [, @+ alX, w, 0, 9) = 9(X) —a(X,s w, 6, 9) - VH(X.))

2n

X (WX, =w) =Y (X, =) PE'(dw) f(0) dB dop du) G(X, . X,,), P>
T, = << [T ] @t +alte, w. 6, 0) (X)) —a(X, w, 6, 9)- VH(X.)
XY(X, —w)(B,(0)— B(6)) PE'(dw) df dy du) G(X,yrrr X,), P>

T, = <G(Xﬁ e X,) [ K (X, X, PP AX) © P"”(dY)>

—<G(Xsl,..., x,) [ [ Kh, (X, ), 0@dX) © Q(dY)>,
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and the term 7, similar to 7; corresponding to the drift term, tend to 0 as
k, I tend to infinity.

Term T;:
|73 SKJ'” 6°p,(6) db <I’f 3 1X, —w|? (1X, —w|"— (X, —w|") A K)
0 s 'R
x P (dw) du, pk,1>
<k <L jRJ X, = wI** Ly, s ig Py’ (dw) du, P"”>

t
<K <f [ =W 1y, gty P (@w) P"”>

2+y

<K(k)7

and 7 tends to zero when k tends to infinity, uniformly in / since
§5 02B,(6) d6 < [ 6*B(6) df <+ 0, and since =2 < 0.

Term T7}: By a similar study with the drift term, we obtain

17| <K<j’ [l 1= (X, = w7 = (X, = w]) AR) P (dw) d P>

1+y

< K(k) 7
and 7, tends to zero when k tends to infinity, since y € (—1, 0].

Term 75:

I, < K L" 0 15,(0)— B(6)| d9 <f' L«a (X, —w|>*7) P*!(dw) du, Pk,1>

<K(sup Epei(sup IXP)+1) [ 6%1,6)~p&)] o

u<sT
which tends to 0 as / tends to infinity, uniformly in k thanks to Lemma 2.11.

Term T;: Let us define the function F(x, y) on D, x D, by F(x, y)
= ji K %’y(xu, ¥.) du. The function F is Q ® Q-a.e. continuous by a similar
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argument as in the proof of Proposition 2.10 and is not bounded. Estimates
(2.4) imply that

|F(x, y)|<Kf0 0°B(0) d0( sup (Ix, —y.[**"+Ix, — y.["™")

sSSu<st

< K(sup |x,|*+sup |y,|>+1).

usT usT

Now, the measure P*' ® P*' converges obviously to Q ® Q. Then, for
each fixed real positive number C, the sequence {F AC, P*'® P*"y con-
verges to (FAC, Q ® Q). We remark that

|F(x, y)I 1{|F(x, »|=C}

< K(sup |x(w)|*+sup |y(w)]*+1) l{supusT (@I +sup, < 7 [y@)* > C/K -1}

u<sT u<sT

< K(sup |x(u)|*+sup |y(w)|*+1)

usT u<sT
x (l{sup,,g kwl*>c/2k-1/2y T l{sup,,g @ > /2K -1/2})

and it is easy to prove thanks to Lemma 2.11 that

sup{(sup [x()|*+sup |y(w)|*+1)

k1 u<T u<T
X(l 2 +1 2 ) Pk,l®Pk,l>
{sup, < X" > C/2K—1/2} {sup, < 7 y@)|°>C/2K~1/2} />

tends to 0 as C tends to infinity.

We have thus proved that each limit law of the sequence (P*') is
solution of the martingale problem (BM P). Since such limits exist thanks
to the Aldous criterion, we deduce obviously from this approach the exis-
tence of at least one solution to (BM P).

Let us now show that each solution Q of (BM P) is a weak solution of
(SDE).

The canonical process X is a semimartingale under Q. Then a com-
parison between the It6 formula and the martingale problem proves that X
is a pure jump process and that its Lévy measure is the image measure
of the measure m on [0, 7] x [0, 1] x R, x [0, #] % [0, 2n] by the mapping
(s, 0, x,0,p) > a(X,_, W,_(0), 0, ) 1<y, —w, @y} Lhen by a represen-
tation theorem for point measures,® there exist on an enlarged probability
space a square integrable variable ¥, and a Poisson-point measure N with
intensity m such that (X, W, N, V;)) is a solution of (SDE). |
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3. CONVERGENCE OF RENORMALIZED BOLTZMANN PROCESSES
TOWARDS A LANDAU PROCESS

3.1. A Probabilistic Interpretation of the Landau Equation

The Landau equation, also called the Fokker-Planck-Landau equa-
tion, describes the collisions of particles in a plasma and is obtained as
limit of Boltzmann equations when the collisions become grazing. In the
spatially homogeneous case, it writes in R>:

of
=0 ) (.1

with
O.(f, f)( v)

=_,,Zl {j dv, A, (v— v*)[f(t o) 5 o

Lo-seo f(t v*)]}

where f(z,v) =0 is the density of particles having velocity v € R® at time
te R*, and (4,(z));<; j<3 is a nonnegative symmetric matrix depending on
the interaction between the particles, of the form

A(z) = A |z|"** I (2) h(lz])

z% +Z§ —Z12, —Z12Z5
=Alzl" h(|z]) | —z12, Z%+Z§ —ZyZ3 (3.2
—2Z,2Z3 —2ZyZ3 Zf +Z§

where I1(z) is the orthogonal projection on (z)*, A is a positive constant
and % is a nonnegative locally Lipschitz continuous bounded function.

By integration by parts, see ref. 27, a weak formulation of the equa-
tion (3.1) writes, at least formally, for any test function ¢ € C3(R?),

d
= [ 9) 12, v) dv

3]

3
ij=1 R xR

N dv dv, f(2,v) f(2, vs) Ay(v— U*)(a B(v)+0} 1P(vs))

1 3
#3  [ dvdu £ 0) £t 00 bo— )@ ~09(0.))
- (3.3)
where b,(z) = Y_, 8,4,,(z) = —24h(|z]) |2|" z,
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As for the Boltzmann equation, the equation (3.3) conserves the mass,
thus we give a definition of probability-measure solutions of the Landau
equation:

Definition 3.1. Let P, belong to %(R?). A probability measure
solution of the Landau equation (3.4) with initial data P, is a probability
measure family (P,),., on R’ satisfying

(B, By =< B+ (L¥0,0.), P(do) P(dv)>ds  (34)

for any function ¢ € C;(R?) where L? is the Landau kernel defined on
R®x R? by:

L0, 0) =5 3 039(0) Ay(0—v)+ Y. 0,6(0) bi(v—0,)

it N =

=5 Jy(v): A(v—vy) +b(v—104) - V(v)

with J, = (a?j¢)1<i,j<3‘

We now consider the martingale problem associated with the Landau
equation and defined as follows.

Definition 3.2. Let P, belong to %(R?).

Let (Y,),s, be the canonical process on %,. A probability measure
P € P(%yr) is a solution of the martingale problem (LM P) with initial data
P, if the law of Y; is P, and if for any ¢ € C*(R?),

t
6 =9~ [ [ L¥X, v.) P.(dv,) ds
0 YR
is a P-martingale, where P,=Po Y.

Remark 3.3. The time-marginal family of a solution of the martin-
gale problem (LM P) is a measure-solution of the Fokker-Planck—Landau
equation.

Guérin already built in ref. 16, by a direct probabilistic approach,
a Landau process solution of a nonlinear stochastic differential equation
driven by a white noise and deduced the existence of a measure-solution
of the Landau equation for any dimension > 2 and for ye (—1,0]. We
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obtain here a new proof of the existence of a solution to the Landau
process (and then of a solution to the Landau equation) as limit of
Boltzmann processes.

3.2. Asymptotic of Boltzmann Processes Towards a Landau Process

We are now interested in stating the convergence in law of Boltzmann
processes with “moderately soft potentials,”” obtained in Section 2, towards
a Landau process, when the collisions become grazing. With this aim in
view, we consider cross-sections f° depending on the grazing collision
parameter ¢, as in Villani.*” The function #° from [0, z] to R* satisfies

V6, >0 B%(0) —7> 0 uniformly on 6> 6, (3.9
Ar=n j " sin’(6/2) B(0) d6 —> A >0 (3.6)
0

1

Let us remark that these hypotheses contain the case f°(0) = X

llog ¢
:]:’153((2//22)) I, introduced by Degond and Lucquin-Desreux® for a Coulomb
potential (y = —3) and () = 5 B(%) introduced by Desvillettes® for non
Coulomb potentials.
Let us notice that

Lemma 3.4

(1) [z B0) 0 — +oo,
(2) Fork>3,

jo" sin“(0/2) B*(8) d6 —> 0.

The proof is left to the reader.
For each &> 0, for y € (—1, 0], we define the Boltzmann kernel K,
on R®x R3, as in (2.8), by

K (0, 02) = =b(0—0) (0= 0) - V9@)+ [ [* G0+ a(v, v, 6, 9))

—¢(v) —a(v, vy, 0, ) - VP(v)) Y(v—0y) p(0) dd dep  (3.7)

with b* == ¢ (1—cos 0) B°(6) d6.

We notice that the Boltzmann kernels converge towards the Landau
kernel when ¢ — 0, for any v, v, € R® and ¢ € C(R?) (for more details, see
the convergence of the term E, in Section 3.4).
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We denote by (B°MP) the martingale problem associated with the
Boltzmann equation defined as in Definition 2.4 replacing K ﬁ,y with K f;y
In the previous section, we have proved the existence of a solution Q° of
(B°MP). We are now interested in the asymptotic behaviour of the
sequence (Q°),., when ¢ tends to 0.

We state the following main theorem.

Theorem 3.5. Consider a bounded locally Lipschitz continuous
nonnegative function 4, ye (—1,0], f° satisfying (3.5) and (3.6) and Q,
a finite fourth-order moment probability measure. Let Q°e #(D;) be a
solution of the nonlinear martingale problem (B°MP) with kernel K-,
defined by (3.7) and initial data Q,.

Then the sequence (Q°),., is tight when ¢ tends to 0, and any of its
subsequences converges towards a solution P e #(%;) of the nonlinear
martingale problem (LM P), associated with the Landau equation (3.4)
having diffusion matrix defined by (3.2), with initial law Q,.

Remark 3.6. When y =0 and under some regularity assumptions
on A, Guérin has proved in ref. 17, Corollary 7 the uniqueness of a solution
P to the martingale problem (LM P). Then, in this case, the sequence
(Q%),-, converges towards this unique solution P.

Let us notice that Villani®” and Goudon™ proved the existence of
weak function solutions of the Landau equation for soft potentials using
the convergence of the solutions of the Boltzmann equation towards the
solutions of the Landau equation. The interest of our approach is the
understanding of this convergence at the microscopic level of processes.
When ¢ decreases, the Boltzmann processes jump more and more often
with smaller jumps, and then finally converge to a (continuous) diffusion
process. Moreover, our convergence result is true for general (even degen-
erate as Dirac measures) initial data and leads naturally to particle
approximations.

3.3. C-Tightness of the Sequence (Q°),.,

We assume that Q, has a finite fourth-order moment.

Let Q¢ be a solution of the martingale problem (B°M P) obtained in
Theorem 2.6 and X the canonical process on D ;. Thanks to the point 2) of
Theorem 2.6, for any ¢ > 0, the probability Q° satisfies Ey:(supy<, <7 |X,]*)
< K? with K* a positive constant depending on ¢ only through j’i,, sin*(6/2)
x B(0) db, |, sin*(0/2) p*(6) d6 and b° according to Lemma 2.2. Using
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Lemma 3.4 and (3.6), we notice that the sequence (K°®),., converges as ¢
tends to 0. Then there exists K > 0 such that

sup Ey( sup XY <K 3.9)

0<t<T

Thanks to the Aldous criterion, we deduce, with similar arguments as in
Section 2, that the sequence (Q%),. , is tight in (D7), and then each limit-
ing point P of (Q?),. , belongs to (D).

We now prove that the sequence (Q°),., is moreover C-tight, in the
sense of Jacod and Shiryaev,™ p. 315, and then P will belong to 2#(%;).

As the sequence (Q°),., is tight and according to ref. 19, Proposi-
tion 3.26 (iii), we just have to prove that for any # > 0, for 4X, = X, — X,

hm Q%(sup |[4X,|>n)=0.

t<T
We use the stochastic differential equation (SDE) introduced in Sec-
tion 2.2. Let V* be a process with distribution Q° such that

Vi=Vo—bt [ [ Vi—Wi@) Vi - Wi(@)) dods

[ o ) [ ae W @,0,0) ey i o

x N*(ds, da, dx, df, dp)

with Z,(W*) = L(V*) = Q° and N*(ds, da, dx, db, dyp) is the compensated
martingale of a Poisson measure with intensity m*( dt, do, dx, d@, dp) =
dt dodx %(0) dO do.

Then, by Tchebychev and Burkholder-Davis—Gundy inequalities for
jump semimartingales and Lemma 2.2,

Q°(sup |4X,|>n)

t<T

1 1
<3 Bsup 14Vi1%) <—4E< ) IAV§|4>

t<T n t<T

nl“ <f j fj la(Vs_, Wi (), 0, @) YV =W ()

x B%(0) df do do ds)

< ”54 < LT Ll E(V:_ —W*_(0)]"**) da du) L” Isin(8/2)|* B*(0) 6
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with K independent of ¢. Thanks to estimates (2.4) and (3.8), we obtain

K

T r=
O%(sup |4X,|>n) < i jo Isin(8/2)|* B(0) do

t<T

As [ [sin(8/2)|* p%(6) d6 tends to 0 as ¢ tends to 0, the sequence (Q°),., is
C-tight.

3.4. Identification of the Limit Point Values P

Let P be a limiting value of the sequence (Q°). Then P is the limit of
a subsequence (Q°) that we will still denote by (Q?) for simplicity. We
wish to prove that P is a solution of the martingale problem (LM P). Let
¢ € C2(R?). We define the two following processes on D

M= (X)) =X~ [ [ Kf,(X,o00) Qi(do)ds  (39)

M, = p(X)=9(Xo)=[ [ | L¥X, v) B(de)ds  (3.10)

The probability measure P will be a solution of the nonlinear martin-
gale problem (LMP) with initial law Q, if it satisfies, for any 0<s,;
< - <s,<s<t<Tand G e C,((R)?),

<(Mt _Ms) G(Xsls"" Xsp)s P> =0

However, Q° is a solution of (B°MP), then, for any 0<s, < --- <
s, <s<t<T and G € C,((R*)?),

(M —M?) G(X,,... X, ), 0 =0
Thus, we want to state the following convergence

Eg((M;—M}) G(X, ..., X, ) = Ex(M,— M,) G(X, ..., X, ))

1. Since (Q?) is C-tight, the distribution P charges only the set %,
then the mapping F: x — (¢(x,) — d(x,)) G(x,,,..., x, ) is P-continuous and
bounded from D; to R. Thus {F, Q%) tends to (F, P) as ¢ tends to zero.
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2. We now study the convergence of the term

Ey <{f L@ K% (X, vs) Q( dv*)du} G(Xsl,...,Xsp)> to

E, <{f J | L¥(X,, v,) P,(dv,) du} G(X, ..., XSP)>.

If we denote by (X, Y) the canonical process on D, x D, we can
write

E\+E,=E, ({j (Ko (X, 0,), Q5(dvy)) du} G(X,, ... Xsp)>
_E, <{ f CLYX,, vy), Po(dvy)) du} G(X, ... XSP)>
with
B = Eog ({[] (Kb (X T~ 1908, 1) i} 6L, .. X,) )
Ey=Eyqy <“t LYX,, Y)) du} G(X,, ... Xsp)>
—Epyr <{j LYX,,Y,) du} G(X, ... Xsp)>
(a) Study of E,
Bl < KEgoor ([ KD, 0 )L Tl du) (D)

The Taylor development of ¢ writes
p(v+u) =) +u-Vo(v)+iu'-J,(v)-u+O0(|ul®)

We notice that u'-J;(v)-u = J;(v): u-u'. Then we divide the expectation of
the right term in (3.11) in three parts:

t
Eygo <£ |K%S,y(Xu7 KA)_L¢(X1H Yl d“> <E,+E,+E;
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with
t
Eyy =K(~24+b) Egrogr ( [N ESACESARTICH] du)

Bn=KEgoo ([ G061 K Jy(X): AX, =Y, (X, ~Y,)

‘)

B =KEgoq ([ WX [ [ 00X X 0,00 50) d0 i )

[ a0 %0, 00 X0, 9) O 0. ) 4

¢ Using estimates (2.4) and thanks to (3.8), we get
E, <K |-24+b

As b* —> 24, E,; converges towards 0 as ¢ tends to 0.
* Let us now study E,,. After some computations, we prove that

[ aX, Y.0 0, 0)-a'(X,. .0, 9) do
=§ [I(X,—Y,) sin? 6+2(I — II(X, - ¥,))(cos 6—1)*] | X, — ¥, 2
Then

[ [} atx,. ¥.. 0, 0)-a'(X... Y., 0, 0) f(0) d0 dop
Thanks to (3.8), we conclude that E;, converges towards 0 as ¢ tends
to 0.
e Using similar arguments and Lemma 2.2, we prove the same con-
vergence for E ;.

Finally, we have proved that E; — 0.

(b) Study of E,

The functions f7: Dy x Dy - R, (x, y) > G(X, ..., X, )5’ Ay(x,—y,)

¢(x)duandfb Dy xDr =R, (x, y) = G(X, ,.. X)jb(x — Y X
6 ¢(xu) du are continuous functions (ye(—1,0]), but not necessarily
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bounded. Nevertheless, using similar arguments as in the proof of Theorem
2.6 in Section 2, we obtain E, — 0.

Conclusion. For any (t,s,sy,...,5,) € (R,)?*?, with 0<s, < -+ <
s, < s <t, we have proved that

EQS((Mt _Ms) G(Xsl EARAS] Xsp)) o0 EP((Mt _Ms) G(Xsl EAAAS] Xsp))

n— o0

which implies that
EP((MI _Ms) G(Xsl 5eees XSP)) =0

So, (M,),>, is a P-martingale and P satisfies the martingale problem
(LMP).

4. A STOCHASTIC PARTICLE APPROXIMATION

Our aim here is the construction of some simulable stochastic colliding
particle systems converging in a certain sense to the law of a Landau
process. More precisely we consider cutoff cross-sections (to obtain simul-
able systems) depending on a grazing collision parameter &. We define
the interacting particle systems by a Monte-Carlo approach, consisting in
replacing the nonlinearity with the empirical measure of the system. These
particle systems will conserve the momentum and kinetic energy. For a
fixed ¢, it has already been proved that when the parameter of the cutoff
and the size of the system tend to infinity, the empirical measures of the
system tend to the law of a Boltzmann process (see, for example, ref. 12).
The novelty here is that this convergence is uniform in the parameter e.
If moreover ¢ tends to 0, we observe the transition from Boltzmann to
Landau equations on the particle system. This result will be exploited in the
last section to construct an efficient Monte-Carlo algorithm allowing to see
this transition.

We consider the sequence of cutoff cross-sections

By (2, 0) = (2) p*(6) 4.1

where Y. (z) = h(|z])(|z|’ Ak), h is a locally Lipschitz function bounded
by H, ye (—1,0], ¢ a parameter tending to 0, f°is a L'([0, n])-function
satisfying (3.5) and (3.6), k is a positive integer.

In order to define the interacting systems, we will “replace” the
nonlinearity in (2.11) with the empirical measure of the system. Hence we
introduce a family of independent Poisson-point measures (N*7), ., _;,
on [0, 7] x[0,27] x [0, kH] x [0, T] with intensities ﬁ p(0) dO do dx dt.



From Boltzmann to Landau Processes 955

For i > j, we set N*¥ = N/ (we thus choose a binary mean-field interaction,
close to the physical interpretation). We define the process (V*™), _;_,
solution of the following stochastic differential system:

v —pip Y Lt LkH f:n f:n a(V:", ViEr, o, ¢)

j#ij=1
X Ly cy, o _yteimy N*U(dO, do, dx, ds). 4.2)

We construct it easily, working recursively on each interjump interval of
the point process (N>”),, ;<,. The equations are not compensated since
for a fixed ¢, the function $° belongs to L'([0, z]). The system conserves
momentum and kinetic energy and is a (R*)"-valued pure-jump Markov
process with the generator defined for ¢ € C,((R*)") by

1

n—1

2n rm kHl
2 J0 Jo fo 5 (@ +e-a(v, vy, 0, 9) Lixcy, -y

i,j<n
t+e;-a(0), 01, 0, 9) sy -op) — H(W") dx f(0) dO dp.  (43)
Here v" = (v,,...,v,) denotes the generic point of (R*)" and e;: he R*—

e;-h=1(0,..,0,4,0,.. 0) e (R*" with A at the ith place.
Let us denote by

n
Y Sysen
i=1

S|

ke,n __
U =

the empirical measure of this system and by #*>" its law, which is a proba-
bility measure on 2(D([0, T'], R?)).

Theorem 4.1. Assume that Q, € Z,(R’). Let (V}),>, be indepen-
dent Q,-distributed random variables. Then the sequence (7**"), , , is uni-
formly tight for the weak convergence and any limit point charges only
probability measures which are solutions of (LM P). Thus any limit point
(for the convergence in law) of the sequence (#*>") is a solution of (LM P).

Proof. To prove this theorem, we will show

(1) the tightness of (z**"), , , in Z(2(D([0, T], R?))),

(2) the identification of the limiting values of (z**"), , , as solutions
of the nonlinear martingale problem (LM P).
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One knows (cf. ref. 23) that the tightness of (z**"), ,, is equivalent
to the tightness of the laws of the semimartingales V**'* belonging to
2(D([0, T], R?)). This tightness is due to

sup E(sup [V '"*) <+ o0. 4.4)

k,e,n t<T

This moment condition is obtained by a good use of Burkholder-Davis—
Gundy’s and Doob’s inequalities for (4.2).

Let us now prove that each limiting value of (z**") is a solution of the
nonlinear martingale problem (LM P). Consider one of them, denoted by
n* e 2(P(D([0, T], R*)). It is the limiting point of a subsequence we still
denote by (7**").

We define, for ¢ € C,(R?), 0<sy,...,5,<s<t, GeC,((R*)?), Qe
#(D;) and for X the canonical process on D([0, T'], R®), the quantity

F(Q) = <G(Xsl,..., Xs,)(«»(x,)—qs(xs)— [], v, Qe du>, Q>-
4.5)

Our aim is to prove that {|F|, #*> = 0.

The mapping F is not continuous since the projections are not con-
tinuous for the Skorohod topology. However, for any Qe #(D;), the
mapping X — X, is Q-almost surely continuous for all ¢ outside of an
at most countable set Dy, and then F is continuous at the point Q if
s, t,8,..., S, are not in D,. Here we use the continuity and the bounded-
ness of ¢,G and also the continuity of (g, v)+ [z L(v, w) g(dw) on
P2(D([0, T], R*)) x R3. Thus, if s, ¢, s,,..., s, are not in D,, F is n™-a.s.
continuous. Then,

(F?, 1™y =lim {F?, n*")
k,e,n
But {|F|, %"y < {|F*|, n**"Y + {|F — F*|, n**") where

F*(Q) = <G(Xsl e X,)

x <¢(X,)—¢(Xs)— [[], Kfutr ), Quldon) du>, Q> 4.6)
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in which Kﬁe’k is obtained as K%e’y but where |z|” has been replaced by
|z|” Ak. In this case and since [ B%(0) df <+ o0, K¥: , also writes

Kﬁ’s,k(v’ U*)

= [ [ o atw, . 0,00)~0) ev—0.) BO) dB dp

[ [ 00+ a0, 00, 0, 0) Vo)~ 9(0)) d f(6) d d.

Firstly,
<(st)2’ nks,n> — E((er('uke,n))Z)

1 Z . . i - \?
=E<<; X (M0 = M) G, V’sif”")) )

i=1
1
= E((MI = M51) G5, Vi )?)

n—

1
+E (M — M) (M2 — M)

n

X G, Vi) Gk, V) @.7)

51

where M** is the martingale defined by

ST

V" +aWViE", ViEer, 6, o) l{xsll/k(VfZ’ianfe’i")})
—¢(V'*™) B(0) db do dx ds

and with Doob—Meyer process given by

. 1 " 7 pm
LY znle; Jot J:H J: Jo

(V& +a(VE™, ViEr, 6, o) l{xswk(Vf"‘"st’“"'")})
—¢(V'*™)? BA(0) d6 do dx ds
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and for i # j,
<Mks, i¢’ Mks,j¢>t
1 t rkH (27 rzm
T n—1 Jo jo Jo Jo
(¢(V{v€8’ " +a(Vfg, in, Vf&,jn’ 09 ¢) l{xélllk(Vske’in—Vsks’jn)} _¢(V.]9€e’ in))

X (W +aVET VE™, 0, 0) ey o _yiemy, — (V&)
x B(0) dO dop dx ds. 4.8)

The right terms in (4.7) go to 0 thanks to the expression of the Doob—
Meyer process, to the uniform integrability proved in (4.4). Moreover the
convergence is uniform on k, ¢. Hence

lim {|F*|, n**"y =0,  uniformly in k, &.

Otherwise, the quantity {|F —F*|, n**"> = E(|F — F*| (u*")) can be written
in an analogous form to the right term of (3.11) replacing Q¢ by u**". Its
study is thus controled in a similar way than the term E, in Section 3.3.
Then it converges to 0 uniformly in k£ and # as ¢ tends to 0.

Finally, we have proved that

{|F),n*) =0.

Thus, F(Q) is n*-a.s. equal to 0, for every s,¢,sy,..., s, outside of the
countable set D,. It is sufficient to assure that 7*-a.s., Q is a solution of the
nonlinear martingale problem (LM P). Let us remark to conclude that each
solution Q of the limiting martingale problem is in fact a probability
measure on %r. This remark allows us to deduce immediately the following
corollary. |J

Corollary 4.2. Assume Q, € Z,(R?) and consider a sequence ™
which converges to Q. Then the probability measure-valued process
ke, ny

(u"™),50 converges in probability to the flow (Q,),., in the space
D([0, T], Z(R*) endowed with the uniform topology.

5. THE MONTE-CARLO ALGORITHM

We deduce from the above study an algorithm associated with the
binary mean-field interacting particle system, which enables to observe the
transition from the Boltzmann equations to the Landau equation.
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At our knowledge, no effective numerical resolution of the Landau
equation seen as limit of Boltzmann equations has been obtained by
deterministic methods, except in ref. 22 in which a spectral method fur-
nishes a concret way to study this limit (without numerical resolution).
Moreover, according to discussions with numericians, it seems that the
deterministic particle methods do not work for the 3D Landau equation.
There exist also for this equation some numerical Monte-Carlo algorithms,
as Takizuka and Abe® and Wang et al.,®® but they are inspired by the
diffusion structure of the Landau equation and do not follow the asymp-
totics of the grazing collisions, and the proofs of convergence are not
written.

From now on, the quantities 4, y, kK and $° defining the cross-section B,
the initial distribution Q,, the terminal time 7 > 0 and the size n > 2 of the
particle system are fixed. We denote by B, ,(z, 0) =y, (z) p°(0) the corre-
sponding cross-section with cutoff. Because of Theorem 4.1 and Corollary 4.2,
we simulate a particle system following (4.3), i.e., the whole path (V7),c 10,1
e D([0, 7], (R*)").

First of all, we assume that V{ is simulated according to the initial
distribution Q". Then, we denote by 0 <7} < --- < T, the successive jump
times until 7" of a standard Poisson process with parameter nnkH |||, .

Before the first collision, the velocities do not change, so that we set
Vi=Vy for all s<T,. Let us describe the first collision. We choose at
random a couple (i, j) of particles according a uniform law over {(p, m) €
{1,...,n}% m+# p}. We choose x uniformly on the interval [0,kH], we
choose the first angle of collision ¢ uniformly on [0, 2z] and we finally

choose the collision angle # following the law ﬁ;ﬁil) df. Then we set

7 =Ve +aWe Vel 0,0) Lucywri—viy
Vil =Vl +aVe', V', 0, 0) Lucy ori—viiy
ver=ver if p#{i,j}

Since nothing happens between 7, and T,, we set Vi=V7 for all se
[T, T[.

Iterating this method, we simulate V7, V7. ..., V7, , i.e., the whole path
(V'?):iero, 71> Which was our aim.

Notice that this algorithm is very simple and takes a few lines of
program and does not require to discretize time. It furthermore conserves
momentum and kinetic energy. Let us remark that at least formally, this
algorithm can be adapted in a similar way to the Coulombian case, since
the soft potential term is cut off for the simulations.
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6. NUMERICAL RESULTS

We use the previous Monte-Carlo algorithm to estimate the fourth-
order moment of a solution of the Landau equation. By this method, one
conserves momentum and kinetic energy, and one follows the asymptotics
of grazing collisions.

We consider the cross-section B, ,(z, 8) =y, (z) f°(0) with Y, (z) =
|z| Ak and B° satisfying Assumptions (2.3), (3.5) and (3.6).

For each ¢ k, we denote by O%° the solution of the martingale
problem with cross-section B, , obtained in Theorem 2.6. We know that for
each ¢, k, (Q%°) is a cluster point, as » tends to infinity, of the empirical
measure u**" associated with a simulable particle system. We also know
that (Q%), 0 >0 is tight and that any limiting point P is a solution of the
martingale problem (LM P) associated with the Landau equation.

At last, we define:

mipen(e) = [ 1ol b (do);
mi () =] bl*Qt(dv)  and

m, ()= [ ol* P, dv).

We mention that there is no explicit computation of the fourth-order
moment m, for the Landau equation in our context.

6.1. The “Moderately Soft” Potential Case, ye (-1, 0]

We fix y = —0.8 and we consider the following asymptotics

B(6) =

L .
2me’ sin (£)? °SlIST
These functions satisfy Assumptions (2.3) for any ¢ >0 and (3.5), (3.6)
when ¢ tends to zero. We notice that S, =$tan"(s/2) and A°=
7 | Be(6) sin*(%) df converges towards A =7 In 2 as ¢ tends to 0.

We also consider the initial distribution on R? Qy(dv)=
1[—1/2; 1/2]3(U) dv.

We first estimate m_,4(7) at time ¢ =.-. We consider n = 50000 par-
ticles.
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First of all, when we consider the mean over 100 simulations of

m®gs ™ (L), we notice that it converges very fastly in k. Hence the error

due to the spatial cutoff is small:

k 1 4 6 10 50

mbg (L) 0.09742  0.09873 0.09881 0.09878 0.09875

So we fix k = 6 in all what follows.

We now study the convergence of m*{™(5-) as ¢ tends to zero.
Taking each time the mean over 100 simulations, we observe in Fig. 1. the
convergence of the fourth-order moments for the Boltzmann equation to
the one for the Landau equation when ¢ becomes small.

One can notice that m®§™(5-) tends to 0.0988, with a speed of con-
vergence in |m®g " (5-)—0.0988| ~ 0.015 * &%, when ¢ tends to zero. Hence,
the choice ¢ = 0.1 seems reasonable to describe the Landau behaviour.

Our algorithm describes precisely the convergence of the Boltzmann
equation to the Landau equation. But we take into account all small
jumps, then the duration of computation is not optimal. For example,
when ¢ =0.1 and k = 6, there is arround 25.10° shocks of particles on the
time interval [0, &

> 2nd°

fourth-order moment
0.1000

0.0984
0.0968
0.0952
0.0936
0.0920
0.0904
0.0888
0.0872

0.0856 7 1/epsilon

0.0840 T T T T T T T T T T T T T T T T T T
1.0 2.1 32 4.3 54 6.5 7.6 8.7 9.8 10.9 12.0

Fig. 1. Evolution in 1/¢ of m®& ™™ ().



962 Guérin and Méléard

fourth-order moment
0.11100

0.10915 7 .
0.10730 7
0.10545 7
0.10360 |
0.10175 7
0.09990 7
0.09805 |-
0.09620 | ..

0.09435 * In(n)/In(5)

0.09250 — T
20 26 32 38 44 50 5.6 6.2 638 74 8.0

Fig. 2. Evolution of m*%"() as n— +oo. Continuous lines: 0.0988+0.2/,/n; points:
6,0.1,np 1
mZos " (37)-

Let us now study the speed of convergence of mﬁé)jsl’"(ﬁ) to m%y 'gl(i),

when 7 tends to infinity. We obtain the Fig. 2.

The speed of convergence is in l/ﬁ. It seems that a central limit
theorem holds. (A proof of a similar central limit theorem has been
obtained by Fournier and Méléard®® from 2D Boltzmann equations
without cutoff and for Maxwell molecules.)

At last, we observe the evolution in time of the fourth-order moment.
(Our method conserves the energy, then the two-order moment is constant
in time.) We fix again k=6 and ¢=0.1 and we observe in Fig. 3. the
moments of order 4 for some values of 7 € [0, 1].

6.2. The Coulombian Case

Our theorical results are satisfied for a potential y € (—1, 0], but our
numerical approach works in the interesting case of Coulomb molecules.

We now consider our algorithm with y = —3 and with the same initial
condition as in Buet et al.® We consider n = 50000 particles and each value
is obtained taking the mean over 100 simulations. We take as initial
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fourth-order moment
0.1070

0.1042
0.1014
0.0986
0.0958 7
0.0930
0.0902 7
0.0874
0.0846

0.0818 time

0.0790 T T T T T T T T T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 3. Evolution in time of m®Jy- 5" (z).

condition the measure Q, with the following density with respect to the
Lebesgue measure:

f(O, 1)) =%(M-/V,1)01,Uth +M-/V,vozsvzh)

where M -, is the Maxwellian function on R’

N [o—u|?
M./V,u, v,h(v) (2 )3/2 eXp < —2>

Uth

with A" =5, v, =045, vy, = (2, 3, 3) and vy, = (4, 3, 3).
Moreover we take the cross-sections defined in ref. 4, with

poy= SO,
[log ¢] sin*(6/2)
In this situation, A° converges towards 4 =1 as ¢ tends to 0.
Since the initial datum is not a probability measure, (its mass is equal
to 5), we adapt the results obtained by Méléard in ref. 21 and we consider
the algorithm with the empirical measure u**"=23"7_, § % and the jump

. . . Snrk || B
times of a standard Poisson process with parameter w
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fourth-order moment
4400

4398

4396

4394

4392

4390

4388

4386 7

4384

4382 time

4380 T T T T T T T T T T T T T T T T T T
0.00 0.06 0.12 0.18 0.24 0.30 0.36 0.42 0.48 0.54 0.60

Fig. 4. Evolution in time of m®*5%%(z).

We first estimate the fourth-order moment m_,(¢) at time ¢ = 0.06.

As for the previous simulations, the algorithm converges very fastly
in k. Then we fix again k = 6.

We observe that the convergence in ¢ of the fourth-order moment of
the Boltzmann equation to the one of the Landau equation is very fast:

€ 0.9 0.6 0.2 0.1 0.08

m&23%%(0.06) 4389.5 4389.1 4389.9 4388.9 4388.5

The choice of ¢ =0.2 seems to be reasonable to describe the Landau
moment.

At last, we fix k=6 and £ =0.2 and we observe in Fig. 4. the evolu-
tion in time of the fourth-order moment. We find the same evolution as the
one described in ref. 2.
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